We determine the outer automorphism groups of the two-dimensional special linear and projective special linear groups of the ring of integers in an imaginary quadratic field.
Introduction
The problem of computing the automorphism groups of SLJR) and PSLJR)
for a commutative ring R is a problem with a long history (see, e.g. [10] ). For n > 3 these automorphism groups have been completely characterized. When n = 2, the problem was solved for a large class of integral domains by M. Dull [4, 5] . If we assume R is the ring of integers in a number field, the only case not covered by Dull's theory is the ring of integers in the imaginary quadratic number field Q(\/-^), for d ^ 1, 3. In this paper we settle that case.
Let d be a squarefree positive integer, and let D = D_d denote the ring of integers in the imaginary quadratic field Q(V^-d) ■ We first consider PSL2(D) = SL2(0)/ ± I. The group PSL2(D) acts on hyperbolic 3-space H by isometries. By the Mostow-Prasad rigidity theorem, any automorphism of PSL2 (0) is conjugation by an element of the full group of isometries of H3. The isometries of H are generated by PSL(2, C) and complex conjugation, so we must determine which elements g of PSL(2, C) give automorphisms of PSL2(D). We show that any such element g sends the flag D • ( 1, 0) c D © D to a flag L isomorphic to an element of order two in the class group of D ; further, each element of order two in the class group determines a unique outer automorphism of PSL2(D). The group W2 of elements of order two in the class group of O is determined in [6] ; it is isomorphic to (Z/2)r_I , where t is the number of distinct prime divisors of the discriminant of Q(\/-rf). This leads to the following theorem.
Theorem 5.1. Let W2 denote the subgroup of elements of order two in the class group of D_d, let ad J(u) denote conjugation by the matrix J(u) = (q°x) , let b denote complex conjugation, and let t be the number of distinct prime divisors of the discriminant of Q(V^d). If d ^ 1 then
To determine the group of outer automorphisms of SL2(D), we note that any outer automorphism of SL2(D) is trivial on ±1, hence gives an outer automorphism of PSL2(D). We show that the resulting map /:Out(SX2(D)) -»• Out(PSX2(D)) splits, and we identify the kernel of / with Hl(PSL2(D); Z/2), giving Corollary 5.3.
where t is equal to the number of distinct prime divisors of the discriminant of Q(v^).
For computations of H (PSL2(D_d); Z/2), see [11, 12] ; in the euclidean cases, we have dim(H\PSL2(0_d);Z/2)) Our motivation for this theorem was to simplify the problem of finding a fundamental domain for the action of PSL2(D) on H , since automorphisms of PSL2(D) correspond to symmetries of the fundamental domain (see [12] ). If the class group of D is an elementary abelian 2-group, the problem simplifies considerably. We remark first on complex lines: let / be a complex line in C , and let P¡ be the subgroup of PSL(2, C) which fixes /. We can think of PSL(2, C) as Proof. Given / in Homc(/', /), define a translation The fact that / i-> <pf is an injective homomorphism follows from the complex case above. To see that it is surjective, we construct a section. Let n:L © L' -y L' be the natural projection, and let q> be an element of P¡ n PSL2(D). The map tp restricted to L is multiplication by ±1 , so we may lift tp to a unique element ip in SL2(D) with ip\L = id, and we have
Flags in
The induced map on L' is an automorphism by the 5-lemma; since det (p = 1, this map is also the identity, i.e., n ° ip = n. Thus for any x' in L', n(x' -<p(x')) = 0, i.e., x = ip(x') is in ker(^) = L. The section can now be defined by associating to ip the map x >-► (x -tp(x')) in Hom(L', L). [9] , any automorphism of PSLJO) is given by conjugation by an isometry of hyperbolic 3-space H , the symmetric space for 5£2(C). If the isometry preserves an orientation of H3, we say the automorphism is orientation preserving. The group of orientationpreserving isometries of H3 is isomorphic to PSL2(C).
Let y be an element of PSL2(C) which gives an automorphism of PSL2(D). We first show that conjugation by y is the same as conjugation by an element gives an automorphism of PSL2(D), then the product of any two entries of g is in the fractional ideal generated by det g. Proof.
Because all the matrices on the right must be in Af2D, and the product of any two entries of g occurs in at least one of these matrices, the lemma is proved. D Using the lemma, it is easy to check that the matrix g = {abd) gives an isomorphism of D © D onto (a,b)@(c, d), (where (a, b) Remark. According to J. E. Cremona [3] , this computation can be found in Bianchi's paper [1] .
Thus (a , b) has order two in the class group. If (fl, b) is principal, conjugation by g is equivalent to conjugation by an element of GL2D, that is, the automorphism is either inner, or inner composed with conjugation by J(u) = ( q ? ) for appropriate u ; thus we may assume (fl, b) is a nontrivial element of ^ .
We will now define an injective homomorphism from ^2 to Out(P572(D)). Choose a set of generators a, , ... , at_x for W2. For each a¡, choose an ideal 2l( representing a¿ and an isomorphism ^;:D©D -» 21, © 2l;. Since 2l2 = (N(%)) (see, e.g. [2] ), g2:D®D^ (NÇ&A) © (A(2t;.)) has determinant w2A(2l1)2 6 Z; thus detg; = uN(%LA with u £ O*, so we may choose gl to have determinant A(2l;) > 0. The map from ^ to Out(P572(£))) is defined by sending each generator a¡ to the automorphism y¡ given by conjugation by g¡. We check the relations a2 = 1 and {a¡aj)2 -1 to see that this map is a homomorphism; (e.g. yt is equivalent to conjugation by ^,2/A(2t(), which is in S72(£>), so y2 is inner).
To see that the map is injective, take a = a¡ ■ ■ ■ a; in its kernel. 
